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As HOTELLING'S technique of principal components 
and FISCHER'S (RAO 1952) of discriminatory anal- 
ysis are little known and used by zoologists the 
author feels it would be a good idea to use these 
techniques on the data discussed by J ~ R G E N  NIEL- 
SEN (1966). The author (and many others) thinks of 
it as a very powerful tool for supporting an intro- 
duction of new species as well as other classification 
problems that often arise in zoology. As the mathe- 
matical and statistical theory is well known, the 
author's aim is to show how the calculations are 
performed and what they mean. 

The calculations needed can be performed by 
means of a desk calculator, and it is the author's 
hope that the reader will go through some of the 
tables using a desk calculator. 

Principal components 

This method is a mathematical tool for splitting 
up data consisting of several components (e.g. 
meristic characters) into groups. The aim is to find 
combinations of the components which give rise to 
a clustering of the data. The clustering is demon- 

each other in a co-ordinate system. The method 
uses all data as a whole and is in this way independ- 
ent of classifications done by other means. 

The data used is shown in Table 1. In the original 
data some values of the characters are missing. 
These gaps have been filled by means of a random 
number technique. 

The original distributions of the 5 characters 
where values are missing are given in Table 2, and 
if we take Dorsal as an example three values are 
missing. The columtl acc. n is the accumulated 
frequences and we want to produce three D's by 
choosing randomly between 8, 9, 10, and 11 in 

accordance with the given frequency distribution. 
From Table XIX Random sampling numbers in 
A. HALD: Statistical Tables and Formulas I have 
taken the first column on page 97 where the first 
three figures are 05, 78, 24. Division by 44 (actual 
numbers of characters) gives the following residues 
05, 34, 24. The accumulated series now provides us 
with the following D's: 8, 10, and 9, and these are 
the figures in Table I in brackets. The procedure 
has been used for all missing values. 

This procedure for the filling up of gaps has the 
advantage that it uses the material as a whole and 
does not use the splitting up into species already 
done. As a matter of fact it diffuses the species a 
bit, but this is weighted up by being able to use all 
fish in the calculations. In Table 3 the means, vari- 
ances and the correlation matrix L for all characters 
(augmented values included) are given. We can 
think of the data as points distributed in a six 
din~ensional space with coordinates (1, D, A, G, V, 
S). If the data are distributed as a six dimensional 
normal distribution the points should fill up a 
hyper-elipsoid and by finding the main axes of this 
elipsoid and ordering them after magnitude, we 
should get combinations of the characters which 
give all the spread of the points. The greatest axes 
would be responsible for most of the spread, num- 
ber two will be responsible for most of the spread 
left, etc. If now the data include different species 
one would expect this to give rise to a spread of the 
data and in this way the main axes of the hyper- 
elipsoid should give a combined character which 
groups the different species in well-defined clusters. 

To do this properly one should use dimensionfree 
characters with unit standard deviations. This is 
done by dividing each character with its standard 
deviation, and these new characters are given in 
Table 3. 



Table 1. 

/ Standard length I Dorsal fin rays / Anal fin rays Gill rakers Vertebrae I Lateral line scales 

Ipnops murrayi . . . 1 106 10 14 20 54 54 
0 2 116 9 14 2 1 5 5 (51) 

3 107 10 14 22 55 53 
4 106 10 14 22 57 55 
5 60 10 14 21.5 55 53 
6 109 10 14 21.5 57 56 
7 100 10 14 21 56 55 
8 113 10 15 2 1 56 57 
9 107 9 14 20 54 53 

10 131 10 13 22.5 58 54 
11 103 9 14 21.5 55 55 

Zpnops agassizi . . . 
II 

Zpnops meadi . . . . 27 
e 28 

29 
30 
3 1 
32 
3 3 
34 
3 5 
3 6 
37 
3 8 
39 
40 
41 
42 
43 
44 
45 

Ipnops specimens . 46 11 1 9 16 20 56 55 
V 47 92 (9) 11 20 55 (53) 

The problem of finding the main axes is an where L  is the correlation matrix of the data, V an 
eigenvalue problem and this means in matrix nota- unknown vector and k  an unknown constant. 
tion that we have to solve the equation The V's are the wanted main axes and k / 6 (num- 

ber of characters) is the proportion of spread this 
L V = k V  

axes is responsible for. 



I e3'j 

Fig 2 

Figs. 1-4. Principal components plotted. For symbols and numbers see Table 1. 

HOTELLING (1933 and 1936) has given a method (X al rli, C ai r2i, 2 ai r3i, 2 ai r,i, X ai r5i, C ai rGi) 
for solving this problem and it gives the axes in the 
right order. where the r's are the elements of L. 

The process is illustrated in Table 4 for the first Then we find the greatest of the product sums, 

main axes. say S ai r2i and calculate 

We first take an arbitrary vector (a, a, a, a, a j  a,) 
' ai rli X ai r3i 

(bl, b2> b3, b,, b5, b6) = (-- , 1 , --, .... 
and calculate the new vector C ai r,i C ai r,i 



Dorsal fin rays (D) Anal fin rays (A) 

n acc. n n acc. n 

11 1 44 19 2 45 
10 17 43 18 1 43 
9 20 26 17 1 42 
8 6 6 16 8 41 

Total 44 15 4 3 3 
14 9 29 

Total 45 

out with 6 decimals (6 decimals were used in L too !). 
In most cases one must use 6 decimals in the cal- 
culations, but in most tables in this paper I have 
given substantially fewer, as the many decimals 
have been used for checking purposes only. k is the 
greatest C di bji in the last row of this kind. From 
Table 4 is thus found k, = 3.8882. 

After k, has been found SS = I: fi2 is calculated 
i 

and in order k, / SS and j/k, / SS. V, = (a,,, a,,, . . .) 
is finally determined as V, = 

Gill Rakers (G) Vertebrae (V) and this is the wanted main axis. 
n BCC. n n acc. n After k, and V, have been found the covariance 

23.0 3 46 61 1 45 Matrix L is reduced for the spread caused by the 
22.5 2 43 60 2 45 combined characters that corresponds to the main 
22.0 7 4 1 59 3 43 axis. This is done in the following way: The matrix 
21.5 5 34 58 7 

6 29 57 4 
40 Bi = {bij) = (ail ail) is calculated and subtracted 

21.0 33 
20.5 0 23 56 3 29 from L. The matrix equation 

17.5 0 2 Total 46 
17.0 2 2 

Total 46 

Lateral line scales (S) 

n acc. n 

58 2 34 
57 6 32 
56 6 26 
55 6 20 
54 2 14 
53 6 12 
52 3 6 
5 1 1 3 
50 1 2 
49 1 1 

Total 34 

NOW the vector (C bi r,i, C bi r,i, . . .) is found, 
and if the greatest product sum is, say C bi r4i the 
vector 

C bi r,i 
(.I, c2 . . .I = (=, . . .] 

r 4 ~  
is calculated. 

This process is stopped when the figures do not 
change any more. 

In Table 4 I have started with (I, 1, 1, 1, 1, 1) 
and in the end the calculations have been carried 

is now solved, and the process is continued until all 
6 k's and V's are found. As a control the matrix 

6 

R -- L - C B n  is calculated and should be very 
1 

close to the 0 matrix. B,, L, are shown in Table 5. 
In Table 6 the k's and V's are given together with 
R. The linear components of the standard charac- 
ters which gives the main axes are the principal 
components. From C (the V's) the standard charac- 
ters are easily found as functions of the principal 
components which are called A,, A,, . . . A,, and 
from C-I (also given in Table 6) the A's are found 
as functions of the standard and actual characters. 
In Table 7 are given: 1) Standard characters as 
functions of the A's, 2) Principal components (A's) 

as functions of the actual characters. 
The main properties of the principal components 

are that they are uncorrelated. The principal com- 
ponents for each single fish as found from the 
formulas in Table 7 are given in Table 8. Some 
controls of calculation are given in Table 9. The 
means of the A's are determined from Table 8 and 
from Tables 3 and 7. The variances are also cal- 
culated and should theoretically be l. All combi- 
binations of A's plotted against each other are 
shown in Figs. 1-15. (A,, A,) gives a definite splitt- 
ing up into three clusters whereas (A,, A,), (A,, 
A3), (A,, A,), (A,, A,) mainly give two groups 



Table 3. 

1 Mean 1 Variance 1 Standard deviation 1 
Standard length (1) . . . . . . . . . .  100.40 500.99 22.38 
Dorsal fin rays (D). . . . . . . . . .  9.28 .55 .74 
Anal fin rays (A) . . . . . . . . .  13.68 5.22 2.29 
Gill rakers (G) . . . . . . . . . .  20.22 3.05 1.74 
Vertebrae (V) . . . . . . . . . .  55.49 6.73 2.59 
Lat. line scales (S) . . . . . . . . . .  54.19 5.73 2.39 

Total number of specimens: 47 
Standard characters 

l* = ,0451 
D*  = 1.346 D 
A* = .438 A 
G *  = .572 G 
V* = .385V 
S* = .418 S 

Table 4. 

( Z a ,  r,J . . . . . . . . . . . . . . . .  
( Z a ,  r,,/ 4.40) . . . . . . . . . . .  
( Z  b, r,,) . . . . . . . . . . . . . . . .  
( Z b b ,  r , , /  3.92) . . . . . . . . . . .  
(Z) . . . . . . . . . . . . . . . . . . . . .  
( Z  / 3.888) . . . . . . . . . . . . . .  
(Z) . . . . . . . . . . . . . . . . . . . . .  
( 2  / 3.8884) . . . . . . . . . . . . .  
(Z) . . . . . . . . . . . . . . . . . . . . .  
( Z  / 3.88820) . . . . . . . . . . . .  
(Z)  . . . . . . . . . . . . . . . . . . . . .  
( Z  / 3.88819) . . . . . . . . . . . .  
(Z)  . . . . . . . . . . . . . . . . . . . . .  
( Z /  3.88818) . . . . . . . . . . . .  
( 2  dl r,,) . . . . . . . . . . . . . . . .  
( 2  / 3.88818) = f,) . . . . . . .  

a,, = .601373 
a,, = .697325 Control: (Length of V)Z = Z ail3 = 3.88818 
a,, = .857185 
a,, = .907163 
a,, = .928676 
a,, = ,787475 



Table 6. 

kl kg kg k4 '5 k6 X k 

3.8882 .7965 .5915 .3543 .2280 .I416 6.0001 
% of spread 64.8 13.3 9.9 5.9 3.8 2.4 100.1 

(one consisting of I. meadi). The rest of the figures 
do not give clear clusterings. 

Discriminant functions 
- - 

In this way the figures show that A, gives a The idea behind this method is to find combinations 
clustering that is in agreement with the classification of the components which maximize the difference 
into three species done by NIELSEN (1966). between already known groups. 



Figs. 5-8. Principal components plotted. For symbols and numbers see Table 1 .  

To determine the discriminant functions we start 
with determining the means and mean variance for 
each A for each of the three species determined by 
NIELSEN. These values are given in Table 10. For 
three species we get three discriminant functions, 
viz. three linear combinations of the principal com- 
ponents that give the best distinction between any 
two of the three species. To be able to find these 

functions properly we have to suppose that the 
variances and correlations between the principal 
components are the same for all three species or in 
other words: The covariance matrixes for the three 
species are supposed to be identical. 

In our case we will suppose that all variances are 
the variances given in Table 10 and that all corre- 
lations are zero. An inspection of Figs. 1-15 shows 



that even if this is not true it is probably a good 
approximation to the truth. We start again by 
standardising our principal components by dividing 
by the standard deviations. Each of the new vari- 
ables can be used as a discriminant function, and 
every one contributes somewhat to the discrimina- 
tion. What we want is the following combinations: 
1) X the combination that discriminates best be- 
tween I. nzurrayi and I. agassizi, 2) Y the combina- 
tion that discriminates best between I. agassizi and 
I. meadi, and 3) Z the combination that discrimi- 
nates best between I. murrayi and I. meadi. R.A. 
FISHER has shown that such linear combination 
exists under the mentioned assumptions. In our 
case we have for X 

X = (Mean A, (I. mur.) - Mean A, (I. agas.)) A, 

- , . . . + (Mean A, (I. mur.) - Mean A, (I. agas.)) A, 

and similar for Y and Z. This means by the way 
that Z = X + Y. 

The calculations are shown in Table 11. 
Table 12 gives the values of X and Y. 
A test of the reliability of the grouping can now 

be performed in the following way. The variances 
and correlations of X, Y and Z = X + Y can be 
found the formulas 

cov. (X,Z) = cov. (X, X + Y) = Z, - Z,, = 

XI - X,,, = V(X) + cov. (X,Y) 
cov. (Y,Z) = cov. (Y, X + Z)-Z,,-Z,,, = 

Y, - Y,,, = V(Y) + cov. (X,Y) 

The calculations are shown in Table 13. The means 
are determined from the Mean A's of Table 10 and 
the A formulas of Table 1 1. 

The variances and correlations can also be de- 
termined from Table 12, and even if the estimates 
are not independent of the values in Table 13, they 
give a good support to the reliability of the splitting 
up into species. Variances and correlations for X 
and Y determined from Table 12 are given in Table 
14. The mean X's and Y's give a splitting up of the 
(X,Y) plane into three areas 

Mean XI + Mean X,, x 2 
2 

Mean ZI + Z,,, 
X + Y 2  

2 

Mean XI + Mean XI, x 5 
2 

Mean YI, + Mean Y,,, 
Y 2  

2 

V(X) = Mean XI - Mean XI, 
V(Y) = Mean Y,, - Mean Y,,, Mean Y, $- Mean Y,,, 

Y S  -- 

V(Z) = V(X + Y) = Mean Z, - Mean Z,, = 2 

V(X) + V(Y) + 2 cov. (X,Y) Mean Z, + Mean Z,,, 
X + Y S  -- 

cov. (X,Y) = Y, - Y,, = XI, -XI,, 2 



For symbols and numbers see Table 1. 

I I I 
, Fig 11 

This division of the (X,Y) plane is in a certain sense the division lines are given in the bottom of Table 14. 
the best division of the plane in accordance with A measure of the efficiency of the separation can 
the three species. The divided (X,Y) plane is shown be found by finding the errors of misclassification, 
in Fig. 16 together with all X and Y values and the and even if this can be done for the three species 
mean points for the three species. The figure shows under one, this will take us too far and we shall 
that the separation is well effectuated by the dis- content ourselves by determining the pair mis- 
criminatioant functions X and Y. The equations of classification probabilities. 

,, 
-8 - 7 -6 - 5  

Figs. 9-12. Principal components plotted. 



Table 8 . 

For each pair of species the corresponding dis- 
criminant function has a rnisclassification proba- 
bility for each of the species that equals the proba- 
bility that a normal distributed variate with zero 
mean and unit variance exceeds I/. of the standard 
deviation of discriminant function . The misclassi- 
fication probabilities are shown in Table 15 . 

It  is possible using this method to start with the 

original components . The basic assumption would 
be that the covariance matrices of the three species 
for the original components were identical . The 
first step in the calculation would be from the best 
estimate of this common covariance matrix to find 
uncorrelated combinations of the original com- 
ponents . One would use the following combina- 
tions : 



I 
Fig 14 

'I I I I I I 
-16 - 15 -14 -13 -12 

1~~ 

I I I I I 
Fig 15 

- 4  -3 -2  1 - 0 

Figs. 13 -15. Principal components plotted. For symbols and numbers see Table 1. 

v, = 1 In this case we have used the A's and the point is 
v2 = D - a,, I that we know that they are uncorrelated. Princi- 
v3 = A - a32 D - asl 1 pally the two approaches should give the same 
vq = G - a13 A - a,, D - a,, 1 answers, but as we have used two different approxi- 
v5 = V - aj4 G - A - a,, D - a,, 1 mations (1. The correlation matrices of original 
V, = S - V - a,, G - A - a6, D - a,, 1 components are identical and 2. The correlation 

matrices of the A's are identical) slightly different 
where the a's are determined by the conditions 

answers will come out of the calculations, but the 
cov. ( ~ i .  vj) = 0 ;  (i f j). differences are very small. 



Table 9. 

Means 

1 (Table 3 and n 1 (Table 8) 1 Variance 

Table 10. 

Mean 

- - - - 1 A ,  A 2 1  A 3  1 , /  A ,  ;i. 

I. murr. . . . . . . . . . . . . . . . . .  16.966 -7.840 -5.632 -14.786 -1.722 24.584 
I. agas.. . . . . . . . . . . . . . . . . .  17.738 -7.861 -6.657 -14.258 -1.950 25.517 
I. meadi . . . . . . . . . . . . . . . .  15.594 -7.870 -6.375 -14.528 -2.314 25.441 
Mean variance . . . . . . . . . . .  .I387 1.0948 .9204 1.0045 .9856 .9118 
Stand. dev. 6 . . . . . . . . . . . .  .3724 1.0463 .9594 1.0022 .9928 .9549 

Table 1 1. 

A, = A, / 6, = A, / .3724 = 2.6853 A, 
A2 = A2 / 82 = A2 / 1.0463 = .9557 11, 
$ = A3 / S3 = A3 / .9594 = 1.0423 A3 
$ = A, / 6, = A, / 1.0022 = .9978 A, 
A, = A, / 6, - A, / .9928 - 1.0073 A5 
2, = A, / 6, = A, / ,9549 = 1.0472 A, 

Mean 

21 12 13 2, 3.5 
I. murr. . . . . . .  45.5588 -7.4927 -5.8702 -14.7535 -1.7346 25.7444 I 
I. agas. . . . . . . .  47.6319 -7.5128 -6.9386 -14.2266 -1.9642 26.7214 I1 
I. meadi . . . . .  41.8746 -7.5214 -6.6447 -14.4960 -2.3309 26.6418 111 

Z = X + Y = 3.6842 + .0287 1, + .7745 A3 - ,2575 i., + ,5963 ?., - .8974 2, 
= 9.8932 A, + .0274 A, + .8073 A3 - .2569 A, + ,6007 A, - .9398 A, 
- - .0535 1 + 2.9003 D + 1.0546 A + 2.6085 0 + .2549 V + .4517 S 



Fig. 16. The plane o f  the discriminant functions. Y C  I I 1 1  I I -1 
For symbols and numbers see Table 1. 

Table 12. 

I X Y 

1 . . . . . . . . . . . . .  -116.80 256.58 
2 . . . . . . . . . . . . .  -1 15.98 254.90 
3 . . . . . . . . . . . . .  -116.71 261.56 

I Y  
25 . . . . . . . . . . . . .  -124.92 277.62 
26 . . . . . . . . . . . . .  -121.28 262.94 

4 . . . . . . . . . . . . .  -120.87 27 . . . . . . . . . . . . .  -113.11 236.44 
5 . . . . . . . . . . . . .  -115.17 28 . . . . . . . . . . . . .  -1 12.72 239.02 
6 . . . . . . . . . . . . .  29 . . . . . . . . . . . . .  -1 18.01 254.00 

. . . . . . . . . . . . .  30 . . . . . . . . . . . . .  -108.39 235.54 

. . . . . . . . . . . . .  31 . . . . . . . . . . . . .  -1 15.08 245.18 

35 . . . . . . . . . . . . .  
12 . . . . . . . . . . . . .  -124.13 36 . . . . . . . . . . . . .  
13 . . . . . . . . . . . . .  -126.93 37 . . . . . . . . . . . . .  -112.69 241.59 
14 . . . . . . . . . . . . .  -123.85 38 . . . . . . . . . . . . .  -111.78 237.02 
15 . . . . . . . . . . . . .  -124.10 39 . . . . . . . . . . . . .  -1 11.92 237.68 
16 . . . . . . . . . . . . .  -125.76 40 . . . . . . . . . . . . .  -111.81 239.75 
17 . . . . . . . . . . . . .  -131.72 41 . . . . . . . . . . . . .  -111.89 240.66 
18 . . . . . . . . . . . . .  -127.44 277.94 
19 . . . . . . . . . . . . .  -123.18 265.84 
20 . . . . . . . . . . . . .  -123.86 278.72 
21 . . . . . . . . . . . . .  -127.14 276.97 
22 . . . . . . . . . . . . .  -123.01 272.07 
23 . . . . . . . . . . . . .  -126.34 273.66 
24 . . . . . . . . . . . . .  -126.88 274.90 

42 . . . . . . . . . . . . .  -114.52 238.59 
43 . . . . . . . . . . . . .  -111.56 237.05 
44 . . . . . . . . . . . . .  -1 12.27 241.50 
45 . . . . . . . . . . . . .  -117.37 245.71 

46 . . . . . . . . . . . . .  -121.42 261.64 
47 . . . . . . . . . . . . .  -115.38 248.15 



Table 13. Table 15. 

cov. (X,Y) = -12.384 (= -12.385) 
COV. (X,Z) = - 5.660 (= 5.661) (= 5.660) 
COV. (Y,Z) = 21.062 (= 21.062) (= 21.062) 

Correlation matrix 

X Y z 
X - -.826 -.556 
Y -.826 - .928 
Z -.556 .928 - 

I1 1 111 
1 

Species 

Table 14. 

I 

I. murrayi 

Mean X = -118.64 V(X) = 7.12 
Mean Y = 261.41 V(Y) = 34.88 rx' = -'94 

Mean ) 1. murmyi I. ngassizi 

I. agassizi 

Mean X = -125.37 V(X) = 6.33 
Mean Y = 273.79 V(Y) = 33.90 rx' = 

I. meadi 

I. meadi 

Mean X = -113.00 V(X) = 5.23 
Mean Y = 240.41 V(Y) = 25.19 rx3y = -'83 

X -118.648 -125.372 -112.987 
Y 261.397 273.781 240.335 

Z = X + Y 142.747 148.407 127.345 

Division lines 

X = -122.010 
Y = 257.058 
X+Y = 135.046 

nant fuctions see Rao, p. 273 foll. pp.). 
We have now come to an end of our calculations, 

Misclassification probabilities. 

P (I .  mur., I. meadi) = P u 2 - = 2.5 % i 3.:1 
and it should be borne in mind that the calculations 
do not prove that the three species are real. The 
calculations only show that some consequences of 
the hypothesis that the 47 specimens belong to three 
different groups are in agreement with the data, and 
the calculations support in this way the hypothesis. 

For one specimen (No. 26) only two characters 
are known and 4 are constructed. The figures show 
that this fish totter about in the diagrams, but that 
is of course only to be expected. Fish Nos. 46 and 
47 are plotted on all figures in attempt to allocate 
them to the species. From Fig. 16 one would call 
No. 46 and I. murrayi and No. 47 for I. meadi, but 
as NIELSEN (1966) shows there are other characters 
(not used in this paper) that contradicts this classifi- 
cation. 
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